
LINEARPROGRAMMING

NOTE:2

Wewillnowdiscusshowtofindsolutionstoalinearprogrammingproblem.

Graphicalmethodofsolvinglinearprogrammingproblems

Letusrefertotheproblem ofinvestmentintablesandchairsdiscussedinthepreviousnote.Wewill

nowsolvethisproblem graphically.Letusgraphtheconstraintsstatedaslinearinequalities:

5x+y≤100...(1)

x+y≤60...(2)

x≥0...(3)

y≥0...(4)

Thegraphofthissystem (shaded region)consistsofthepointscommon to allhalfplanes

determinedbytheinequalities(1)to(4)(Fig12.1).Eachpointinthisregionrepresentsafeasible

choiceopentothedealerforinvestingintablesandchairs.Theregion,therefore,iscalledthe

feasibleregionfortheproblem.Everypointofthisregioniscalledafeasiblesolutiontotheproblem.

Thus,wehave,FeasibleregionThecommonregiondeterminedbyalltheconstraintsincludingnon-

negativeconstraintsx,y≥0ofalinearprogrammingproblem iscalledthefeasibleregion(or

solutionregion)fortheproblem.InFig12.1,theregionOABC(shaded)isthefeasibleregionforthe

problem.Theregionotherthanfeasibleregioniscalledaninfeasibleregion.

Feasiblesolutions:Pointswithinandontheboundaryofthefeasibleregionrepresentfeasible

solutionsoftheconstraints.InFig12.1,everypointwithinandontheboundaryofthefeasibleregion

OABCrepresentsfeasiblesolutiontotheproblem.

Forexample,thepoint(10,50)isafeasiblesolutionoftheproblem

andsoarethepoints

(0,60),(20,0)etc.Anypointoutsidethefeasibleregioniscalledan

infeasiblesolution.Forexample,thepoint(25,40)isaninfeasible

solutionoftheproblem.

Optimal(feasible)solution:Anypointinthefeasibleregionthatgives

theoptimalvalue(maximum orminimum)oftheobjectivefunctionis

calledanoptimalsolution.

Now,weseethateverypointinthefeasibleregionOABCsatisfiesall

theconstraintsasgivenin(1)to(4),andsincethereareinfinitely



manypoints,itisnotevidenthow

weshouldgoaboutfindingapointthatgivesamaximum valueoftheobjectivefunctionZ=250x+

75y.Tohandlethissituation,weusethefollowingtheoremswhicharefundamentalinsolvinglinear

programmingproblems.

Theorem 1:LetRbethefeasibleregion(convexpolygon)foralinearprogrammingproblem andlet

Z=ax+bybetheobjectivefunction.WhenZhasanoptimalvalue(maximum orminimum),where

thevariablesxandyaresubjecttoconstraintsdescribedbylinearinequalities,thisoptimalvalue

mustoccuratacornerpoint*(vertex)ofthefeasibleregion.

Theorem 2:LetRbethefeasibleregionforalinearprogrammingproblem,andletZ=ax+bybe

theobjectivefunction.IfRisbounded**,thentheobjectivefunctionZhasbothamaximum anda

minimum valueonRandeachoftheseoccursatacornerpoint(vertex)ofR.

RemarkIfRisunbounded,thenamaximum oraminimum valueoftheobjectivefunctionmaynot

exist.However,ifitexists,itmustoccuratacornerpointofR.(ByTheorem 1).

Intheaboveexample,thecornerpoints(vertices)ofthebounded(feasible)regionare:O,A,BandC

anditiseasytofindtheircoordinatesas(0,0),(20,0),(10,50)and(0,60)respectively.Letusnow

computethevaluesofZatthesepoints.WehaveVertexoftheCorrespondingvalueFeasibleRegion

ofZ(inRs)

O(0,0)0

C(0,60)4500

B(10,50)6250

A(20,0)5000

Weobservethatthemaximum profittothedealerresultsfrom theinvestmentstrategy(10,

50),i.e.buying10tablesand50chairs.Thismethodofsolvinglinearprogrammingproblem is

referredasCornerPointMethod.Themethodcomprisesofthefollowingsteps:

1.Findthefeasibleregionofthelinearprogrammingproblem anddetermineitscorner

points(vertices)eitherbyinspectionorbysolving thetwo equationsofthelines

intersectingatthatpoint.

2.Evaluate the objective function Z = ax+ byateach cornerpoint.LetM and m,

respectivelydenotethelargestandsmallestvaluesofthesepoints.

3.(i)Whenthefeasibleregionisbounded,M andm arethemaximum andminimum valuesofZ.

(ii)Incase,thefeasibleregionisunbounded,wehave:

4.(a)M isthemaximum valueofZ,iftheopenhalfplanedeterminedbyax+by>M hasnopoint



in commonwiththefeasibleregion.Otherwise,Z hasnomaximum value.

(b)Similarly,m istheminimum valueofZ,iftheopenhalfplanedeterminedbyax+by<m

has nopointincommonwiththefeasibleregion.Otherwise,Zhasnominimum value.

*Acornerpointofafeasibleregionisapointintheregionwhichistheintersectionoftwoboundarylines.

**Afeasibleregionofasystem oflinearinequalitiesissaidtobeboundedifitcanbeenclosedwithina

circle.Otherwise,itiscalledunbounded.Unboundedmeansthatthefeasibleregiondoesextend

indefinitelyinanydirection.(veryimportant)

WewillnowillustratethesestepsofCornerPointMethodbyconsideringsomeexamples:

Example1:Solvethefollowinglinearprogrammingproblem graphically:

MaximiseZ=4x+y...(1)

subjecttotheconstraints:

x+y≤50...(2)

3x+y≤90...(3)

x≥0,y≥0...(4)

Solution:TheshadedregioninFig12.2isthefeasibleregiondeterminedbythesystem of

constraints(2)to(4).WeobservethatthefeasibleregionOABCisbounded.So,wenowuseCorner

PointMethodtodeterminethemaximum valueofZ.ThecoordinatesofthecornerpointsO,A,Band

Care(0,0),(30,0),(20,30)and(0,50)respectively.NowweevaluateZateachcornerpoint.

Hence,maximum valueofZis120atthepoint(30,0).

Example2:Solvethefollowinglinearprogrammingproblem graphically:

MinimiseZ=200x+500y...(1)

subjecttotheconstraints:

x+2y≥10...(2)

3x+4y≤24...(3)



x≥0,y≥0...(4)

SolutionTheshadedregioninFig12.3isthefeasibleregionABCdeterminedbythesystem of

constraints(2)to(4),whichisbounded.CornerPointCorrespondingvalueofZ

(0,0)0

(30,0)120

(20,30)110

(0,50)50

CornerPointCorrespondingvalueofZ

(0,5)2500

(4,3)2300

(0,6)3000

A, B and C are (0,5), (4,3) and (0,6)

respectively.Now weevaluate Z = 200x+

500y

atthesepoints.

Hence,minimum valueofZis2300attainedatthepoint(4,3)

*******


